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Abstraet-The freezing of water-salt solutions on a horizontal wall is investigated experimentally and 
theoreti~lly. The growth of the two-phase solid-liquid region is observed for NaCl-Hz0 and NH&I- 
Hz0 systems under difftrent temperature and concentration conditions. A ~idi~~ona1 math~t~l 
model is developed to predict the temperature djst~bution in a semi-infinite medium based on the assump 
tion that a local thermodynamic equilibrium exists between the soiid and the liquid in the two-phase region. 
The transport of heat is by diffusion, and convection in the liquid is absent. The mass diffusion is neglected 
and the growth of the crystals is governed by the transport of heat. In all experiments the salt concentration 
in the solution is smaller than the eutcctic composition, and the wall temperature is higher than the eutectic 
temperature. The predicted temperature protiles agree well with experimental data. The local solid fractions 

as well as the salt concentrations are shown as a function of the position. 

INTRODUCTION 

THE PHASE change of multicomponent systems is 
important in many different fields such as metallurgy 
[l-4], geology [5J, oceanography [6], crystal growth 
[7], nuclear reactor safety [8] and others. Almost all 
solid-liquid phase change processes involve more than 
one eminent. During the ~lidifi~tion of this type 
of system, the solid-liquid interface is not smooth 
as it is in the solidification of pure substances 191. 
Normally, the transition from the liquid to the solid 
phase takes place over a range of temperatures and 
concentrations, while the chemical components are 
incorporated or rejected at the interface between the 
phases [IO, 111. This phenomenon changes the con- 
centration of the system and determines the com- 
position of the solid. 

Figure 1 shows the phase diagram of a binary eutec- 
tic-forming melt [12, 13].This diagram represents the 
chemical compositions of the phases in thermo- 
dynamic equilibrium with each other by the liqui- 
dus and solidus, respectively. At a composition and 
temperature represented by a point above the liquidus 
line, the system is liquid. The soiidus defines the com- 
position of the material solidifying from the melt 
between the liquidus and the eutectic line. In general, 
the composition of the material differs from both the 
melt and the pure components of the system [l]. As 
shown in Fig. 1, solidification from a solution (melt) 
with subeutectic composition of NH,Cl in Hz0 yields 
a solid phase consisting of a pure component (ice). 
The solid and the liquid phases can coexist at the same 
~rn~~tu~ and different compositions, which are 
determined by the solidus and the liquidus lines. This 

region is usually called the mushy zone or simply 
mush. For most aqueous solutions, the solidus line is 
vertical and the solid phase in the mushy region is 
composed of a single component (ice), while the salt 
is rejected to the melt increasing its concentration. 

This work has been motivated by the need to under- 
stand the so~~fi~tion process in the mushy zone 
under stable conditions with cooling the soIidif~ng 
meit from below. Fang et al. [8], working with sodium 
chloride-water solution, investigated the growth of a 
mushy region over an ice slab. In their study, the 
temperature of the ice slab was not constant, par- 
ticularly at late times (1 h or greater), and, therefore, 
the boundary condition is not we11 defined. Huppert 
and Worster [14] also studied the solidification of 
Na$X&-water solutions and compared their pre- 
dictions with the experimental data. In their model, 
however, the solid fraction in the mush was assumed 
to be constant and the latent heat of fusion was 
released at the interface. In this paper we develop a 
mathematical model to predict the solidification of an 
aqueous solution of subeutectic composition. In order 
to validate the theory, an experimental investigation 
was conducted using two different salt solutions: 
NaCl-Hz0 and NH,&H@. In the case of the 
sodium chloride-water solution, the choice was 
motivated by the fact that it is a very common solution 
and its thermophysical properties are well established 
[13]. The ammonium chloride-water solution was 
chosen because in the past it was utilized as a model 
system to study dendritic solidification [15]. Three 
different con~ntrations (5, 10 and 15% by weight) 
were tested for each salt, involving a wide composition 
range. 
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c solution concentration or 

; 

specific heat 
dimensionless liquidus temperature, 
7;riV,- r%J 

solid fraction in the two-phase region P density 
Ahr latent heat of fusion Q 
k thermal conductivity 

solidification constant, equation (I 1). 

Ste Stefan number, Ah,/c,( T,,, - Tw) 
T temperature 

Subscripts 

t time 
1 liquid region 

x vertical coordinate measured from the 
m two-phase region 

surface of the heat exchanger. 
S solid region 

conditions at the wall (x = 0) 

Greek symbols 
0” initial conditions 

z 
thermal diffusivity 

6 liquidus condition (C = C,). 

thickness of the two-phase region 

; 
similarity coordinate, equation (8) Superscripts 
dimensionl~s tem~rature, equation (7) ‘ derivative with respect to q 

00 dimensionless initial temperature, * dimensionless quantities normalized by 

V,- jraWa- TW) the liquid properties. 

EXPERIMENTAL APPARATUS AND Measurements of the temperature distribution 
PROCEDUAE inside the test cell were made also with (type T) ther- 

mocouples. They were placed in stainless steel tubes 
Solidification experiments were performed in a rec- having outside diameter of 0.90 mm. These probes 

tangular test cell with inner dimensions, 300 mm in 
height, I50 mm in width, and 75 mm in depth. Figure 
2 shows schematically the experimental apparatus. 

The horizontal bottom consisted of a multipass 
copper heat exchanger that was plated with nickel and 
chrome to avoid corrosion by the salt. Three copper- 
constantan thermocouples [type n were placed close 
to the heat-transfer surface continuously monitoring 
its temperature. The vertical test cell walls were made 
of acrylic sheets in order to allow the visualization and 
the growth of the mushy zone. The test cell was well 
insulated with 50 mm thick Styrofoam insulation on 
all sides to reduce heat gain from the ambient. 

were inserted through one of the walls where 21 holes 
allowed the installation of the thermocouples in sev- 
eral positions. Typically, six probes were used in each 
experiment. The outputs ofall the thermocouples were 
recorded by a data logger system at preselected time 
intervals between two consecutive measurements. 

A mixture of ethyl alcohol and water from a con- 
stant temperature bath was used in the heat exchanger 
to obtain the desired wall temperature. During all the 
experiments it was possible to maintain this tempera- 
ture uniform to within +O.I”C of the desired value. 
Due to the transient nature of the experiments, the tem- 
perature setting of the bath was frequently readjusted. 

Ice and Eutect IC 

0.00 10.0 LS.0 C0.D P 

Weight Percent of finhydrous NH.,CI 

FIG. I. Phase diagram of an aqueous NH,CI solution. 
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to Data Logger 

FIG. 2. Schematic diagram of the test cell. 

Experiments were performed with distilled water- 
research grade salt solution and its concentrations, in 
all cases, were smaller than the eutectic composition. 
These mixtures were carefully introduced into the test 
cell without introducing air bubbles into the system. 
An expansion reservoir was installed in the upper part 
of the apparatus (see Fig. 2) to allow for expansion 
and contraction of the phase change material. Once 
filled, enough time was allowed to reach the thermal 
equilibrium in the test cell. Then, the coolant from the 
constant temperature bath was circulated through the 
heat exchanger to start the experiment. 

ANALYTICAL MODEL 

The mathematical model for the solidification pro- 
cess of a binary system is based on the basic con- 
servation principles. A macroscopic model is con- 
structed to determine theoretically the rate of 
solidification and predict the temperature distribution 
in the system if the solid/melt interface is perfectly flat 
and horizontal. 

During the solidification process, the solution near 
the ice surface rejects the solute. In this way, a more 
dense and cold solution appears in the mushy zone. 
Because of this, the liquid phase is hydrodynamically 
stable and there is no convective motion in the fluid. 
The liquid region is considered to be semi-infinite 
extent in the vertical direction. In order to simplify 
the analysis, it is assumed that the growth of the two- 
phase region is controlled by heat conduction. This 
assumption is based on the fact that the thermal diffu- 
sivity of the salt solutions is two orders of magnitude 

greater than the mass diffusivity [8, 12, 141. In 
addition, both the mushy and the liquid regions are 
treated as a continuum and the problem is one-dimen- 
sional. In other words, the thermophysical properties 
in the two-phase region are assumed to be constant in 
the horizontal plane as an average between the two 
phases. It is supposed also that the local thermo- 
dynamic equilibrium exists in the same horizontal 
plane (solid and liquid are at the same temperature). 
Hence, the temperature and concentration of the solu- 
tion follow the liquidus curve of the respective phase 
diagram. Finally, the change in the density during 
the solidification is neglected, and all thermophysical 
properties are constant within the liquid and solid, 
but different from each other in the two phases. 

With the above assumptions, the model equations 
describing the temperature distributions are 

a 
P&J9 

af +P&f~, o<x<a (1) 

dT & d2T 
PlCi;j;-= ‘j-p, x26. 

The initial (t = 0) conditions are 

T= To 

6=0 

and the boundary conditions are 

(W 

W 
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T= T,, x+al (44 
T=T,, x=0 WI 

T=T,, x=6 (44 

kdT _kaT I I 6+ - max,$_’ (44 

The thermophysical properties in the mushy zone 
are weighted according to the local solid fraction [ 161 
as foltows : 

Pm = PI = PP (54 

cm = f(c,-_q)+cf (5b) 

k,,, = f(k,-k,)+k,. (5d 

The local solid fraction can be determined from the 
phase diagram by 

where C(T) is obtained directly from the Iiquidus line. 
In order to generalize the problem, the following 

dimensionless variables are introduced : 

_ 7- 
1 -I* 

@=------- 
T&-T, (71 

and 

ti=z* 
.&4@$0 

(81 

Then, the dimensionless system of equations 
becomes 

2 
{ 

Ufd-lf+l]+[(c:-t)(O+OB,-~~~]~ ?j@ 
1 

Jf 
+(k:-l)~B”+[(k:-I)f+1]B”=O, 

and 

0 6 'I c (7 (9) 

where 

8”+2?@=0, ?/>a (10) 

6 
Cr=-------. (11) 

J(4%, e 
The transformed initial and boundary conditions 
become as follows : 

B= 80, q-+ co W4 

e s-1, r/=0 (12b) 

@==O, r$=a (12c) 

@(a+) = &(a_). (12d) 

In equations (9), (10) and (12d) the superscript prime 
denotes the total derivative with respect to r). 

The exact analytical solution of equation (IO) is 

erfc q 
B=f?, I---&--&. ( > (13) 

This solution is valid for q 2 0 and satisfies the bound- 
ary conditions (12a) and (12~). The derivative of 0 
with respect to tf at the interface is 

(14) 

but the value of c is not known. 
To find the dimensionless temperature in the mushy 

region from equation (9), it is necessary to know the 
relation between the solid fraction f and the dimen- 
sionless tem~rature 0 as weff as its derivative. Using 
equations (6) and (7) and the phase diagram 112, 131, 
the f vs 8 functional relationship can be determined. 
A third degree polynomial obtained by a least squares 
fit is used. A finite-different method is employed, 
with an initial estimated value for D to find the dimen- 
sionless temperature distribution in the mushy zone. 
The boundary conditions, given by equations (12b) 
and (12c), are also satisfied. Then, an iterative pro- 
cedure is employed until the final value of rr is deter- 
mined. At this location, the derivative of the function 
found from equation (9) is equal to the value given by 
equation (14), thus satisfying the boundary condition 
prescribed by equation (t2d). 

RESULTS AND DISCUSStON 

Six different experiments were performed using 
water solutions of 5, 10 and 15% by weight of NaCt 
and NH&I. Table 1 shows the initial concentration 
and the initial and wall temperatures for each exper- 
iment. The duration of each test (rJ and the maximum 
time (r,,.) during which the liquid region may be 
regarded as a semi-infinite medium are also listed in 
the table. In all experiments, the initial temperature 
was determined as an average of the measured tem- 
peratures within a range of +O.l’C. The same pro- 
cedure was used for the wall temperature after first 
waiting 15 min to obtain stable conditions. Typically, 
the desired tem~rature was reached in less than 5 
min. 

Dendritic crystal growth was observed in all cases. 
The mushy region for 5% concentration of both salt 
solutions is shown in Fig. 3. It is clearly evident from 

Table 1. Test conditions for the experiments 

5 22.1 - 19.2 410 590 
NaCt IO 21.9 -17.8 _w 620 

15 21.2 -19.4 _w 650 

5 15.3 -13.3 %I 630 
NH,CI IO 20.2 - 14.6 UO 640 

IS 19.5 -14.7 540 660 
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the photographs for the two solutions that there is R 
large difference between the structures (see Figs. 3(a) 
and (b)) for the two binary systems. However, during 
the experiments it was possible to see that the shapes 
of isolated crystals are very similar for both NaCl and 
NH,Cl solutions. This can be partly explained by the 
fact that in both casts the crystals growing are ice. 
Figure 3(c) shows a closer view of the mush in the 
experiment with ammonium chloride solution. while 
Fig. 3(d) shows a close-up of one crystal under the 

same conditions. It is possible to see that there is a 
difference in the refractive index of the solution caused 
by the release of the salt during the process of sol- 
idification. 

During the tests the insulation used to reduce the 
heat gains from the ambient environment did not 
allow for visualization of the solidification process, 
However, once during each test, a window in the 
Styrofoam was opened in order to examine the inter- 
face position. Two scales located on the front and the 

(a) 

(b) 

FIG. 3. Different view of dendritic crystals in the two-phase region: (a) NaCI-H20: (b) KH+Cl-H,O; 

(c) NH&SH,O closer xiew: (d) NH,CI-H,O close-up view. 



Cd) 

FIG. 3-continued 

back u-ails of the test cell were used in this measure- 
mcnt. The mush-liquid interfaces were quite flat in 
the experiments with the lower salt solution con- 
centrations. For the largest initial concentrations. the 
interfaces ivcre not as uniform but were within f0.5 
mm. However. it was very easy to measure the average 
thickness of the t\vo phase regions for all cases inves- 

tigated. Table 2 pivcs a comparison of the predicted 
and mcasurcd pcsitions of d at the time the obser- 
vations Here made. The agreemenr with the 5% com- 
position of the salt solution is good. lvhile the dis- 

crepancy increases for larger concentrations of salt in 
the solution. 

A comparison of the measured and predicted 
dimensionless temperature distributions in the sys- 
terns are shown in Figs. 4 and 5. The continuous lines 
represent the theoretical predictions. while the points 
are the experimental data. In all cases. the plotted 
data points were obtained from I = 15 min till t = fd 
(shown in Table 1). In order to better resolve the 
comparisons in the mushy zone. the two-phase region 
was enlarged and is sho\vn in Figs. -I(b) and 5(b). The 
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Table 2. Comparison of predicted and measured interface 
positions 

salt 
solution (cl) (Ain) 

6 od 
Theoretical Experimental 

5 
NaCl IO 

IS 

5 
NH,CI IO 

I5 

420 57.0 56.0 
47.8 45.0 

z 28.2 22.0 

500 51.0 48.0 
540 36.6 32.0 
540 16.3 13.0 

good agreement between the experimental data and the 
predictions obtained from the theoretical model proves 
that the assumptions made in the analysis are valid. 

With the assumption of thermodynamic equi- 
librium and the temperature profile in the mush it is 
possible to establish a relation between the dimen- 
sionless position and the solid fraction. The same 
procedure can be used to find the local concentration 
as a function of the transformed position. These 

relations are shown in Figs. 6 and 7 for the three 
experiments with the NaCl-Hz0 solution. It is inter- 
esting to note that the concentration of the solution 
close to the isothermal wall is a function of its tem- 
perature only, while the solid fraction depends also 
on the initial concentration. This appears clearly from 
the results shown in Figs. 6 and 7. If the wall tem- 
peratures are close in these experiments (see Table 1) 
the concentrations near the heat exchanger are also 
close. On the other hand, the solid fractions are totally 
different, because the initial concentrations are so dis- 
tinct from one another. 

From Figs. 4 to 7 it is clear that with an increase in 
the salt concentration in the solution, the rate of 
growth of the mushy zone decreases. This is explained 
by the freezing point depression which increases with 
an increase in the salt concentration of a binary melt, 
lowering the temperature of the mush-liquid inter- 
face. As expected, a decrease in the wall temperature 
increased the freezing rate. It was also verified that 
the initial temperature affects the growth of the two- 
phase region in the same way as the concentration. 

- Prediction 

(b) 

- Prediction 

FIG. 4. Comparison of predii and measured temperature distributions during solidification of NaCl- 
Hz0 solutions : (a) liquid region ; (b) two-phase region. 
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FIG. 5. Comparison of predicted and measured temperature distributions during solidification of NHJ.3 
Hz0 solutions: (a) liquid region ; (b) two-phase region. 

1 

FIG. 6. Predicted distribution of the solid fraction in the two-phase region for NaCI-H,O solutions. 
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FIG. 7. Predicted concentration distribution in the two-phase region during solidification of NaCI-HZ0 
solutions. 

Comparisons with other works show that, as 
expected, the same behavior occurs in experiments 
with different salts and experimental techniques. Hup- 
pert and Worster [14] used NaCO ), and their measure- 
ments have shown that the concentration of the salt 
solution in the mush increases while in the liquid 
region it remains constant. Fang et al. [8] using an ice 
slab as a cold surface, found a similar temperature 
and the same type of solid fraction distribution in the 
mushy zone as was observed in the present work. 
Direct comparison with their results cannot be made, 
because the surface temperature of the sink was not 
held constant in their experiments. 

CONCLUDING REMARKS 

A model describing the temperature distribution 
during solidification from below of subeutectic aque- 
ous solutions has been developed. Comparison 
between predictions and experimental results proves 
that the assumptions are reasonable, and the agree- 
ment is good. The concentration of the solution was 
found to be as important as the initial and the wall 
temperatures as far as the growth of the mushy zone 
was concerned. The knowledge of the temperature 
distribution and the thermodynamic equilibrium 
assumption yielded the local solid fraction as well as 
the local solution concentration in the mushy region. 
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SOLIDIFICATION DUNE SOLUTION BINAIRE SUR UNE SURFACE ISOTHERME 
FROIDE 

R&sun&-Le gel de soiutions salines d’eau sur une paroi horizontale est Btudii expCrimentalement et 
theoriquement. La croissance de la region diphasique solide-liquide est observC pour NaCl-HrO et NH&I- 
Ha0 ri differentes temperatures et diffemntes co~entrations. Un modtle math~matique unidir~tionne1 est 
developp5 pour p&dire la distribution de temptrature dans un milieu semi-infini, en admettant qu’il existe 
un &quilibre thermodynamique local entre le solide et le iiquide dans la region diphasique. Le transfert de 
chaleur par diffusion et convection dans le liquide est absent. La diffusion de masse est negligie et la 
croissance des cristaux est gouvemie par le transfert thermique. Dans toutes les experiences la concentration 
en set dans la solution est plus faible que la composition eutectique et la temperature de la paroi est 
sup%eure a la temperature eutectique. Les profils de temperature calculis s’accordent bien avec les don&es 
experimentales. Las fractions locales de solide ainsi que les concentmtions en set sont donnees en fonction 

de la position. 

VERFESTIGUNG EINER BINAREN LOSUNG AN EINER KALTEN ISOTHERMEN 
OBERFLACHE 

Z~~~~D~ Gefrieren van Wa~er~SaIz-L6sungen an einer horizontabn Wand ist exper- 
imendl und theoretisch untersucht worden. Das Anwachsen des zweiphasigen fest-fl6ssigen Gebietes 
wurde fiir NaCI-H,O- und NH&%-H,O-Systeme bei verschiedenen Temperatur- und Konzentrations- 
bedingungen beobachtet. Ein einseitiges mathematisches Model1 ist entwickelt worden, urn die Tempera- 
turverteilung in einem halbunendlichen Medium zu berechnen, und zwar aufgrund der Annahme, dag 
zwischen fester und fliissiger Phase lokales thermodynamisches Gleichgewicht besteht. Det WLrme- 
transport erfolgt durch Wlrmeleitung ohne Konvektion in der Fliissigkeit. Die Diffusion wird ver- 
Mchl~~i~, und das K~staf~~chstum wird vom W~rmetranspo~ gesteuert. Bei alien Ex~~rn~ten ist die 
Saizkonzentration in der Liisung kkiner als die der eutektischen Mischung, und die Wandt~~ratur ist 
hiiher als die eutektische. Die berechneten Temperaturprofiie stimmen mit den gemessenen gut iiberein. 
Der lokale Festkiirperanteil und die Salzkonzentrationen werden abhfngig von der Position dargestellt. 

~T~~~EBAHHE ~H~PHOrO PACTBOPA HA XO~OAHO~ H~T~MH~~CKO~ 
~O3EPXHGCTH 

~~K~epHMm~Ho H ~~H~ecKH HCUteAyeWn 3aMepatstC SOJW-cOneBbtX fWTBOpOB 
ua ropnsorrz’anbuog creurte. B ctscrexeax NaCI-H,O B NH&I-H,0 nprr pasmrvrrbm mllcneparypax H 
rouuetrrpa~ ua6monBerCa o6paso~~urre nsyx@~srroii o(inaczu teepnoe rwm-Xut~~Xocr~. Ha octro~e 
AOttylrleHUX 0 To&f, ‘ITO B JlByX+tsuOfi 06JtaCTff TSepnoe TeJtO H PriUtXocTb HaXOXBTCP B TepBiOltiutBMH- 
-recXorbi p~B~oBecXit, pBBpB6oTBsra MarebiarmseCBiaX f+tozm.nb x~ri pacBem paCnpene.neurrm rehureparypar 
B nO~O~0~ Cpcnc. Tenno neI.+eHoCKrCB 33 CPcf BATH, LoMBeUlBX B v 0rcyrcrBye.r. 
jI&&!UrXMBoCUtleyBBTbmBerCX,HpoCrXp ucrB.aXon 0npeneJmerCX nepeitoCoBi nmna. Bo Bccx 3Xcne- 
pHMeBTBX rev 1 CoXB I) pacr~ope 6wra risnxe, ythi B %reXrir%CXo~ cocr~~e, a rexmeparypa 
CTeHltR. BBttUe 3B’teXTB’teeXOti Tehftreparypbl. PBC’teTHIde ~sr.XB l’eB%tt~TypI~I XOpOmO COrXaCyioTCR C 
3KCneplrMeHTBJtBRBM¶B JmmmtBm. JIorBnBuBte AOXB TBepaOrO BerueCTBa, a Tact3 Xouueurpauitn COJIH 

~AcTBBJteubi IBL (p~ttltti KoopAHHBT. 


