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Abstract—The freezing of water-salt solutions on a horizontal wall is investigated experimentally and
theoretically. The growth of the two-phase solid-liquid region is observed for NaCl-H,0 and NH,C-
H,O systems under different temperature and concentration conditions. A unidirectional mathematical
model is developed to predict the temperature distribution in a semi-infinite medium based on the assump-
tion that a local thermodynamic equilibrium exists between the solid and the liquid in the two-phase region.
The transport of heat is by diffusion, and convection in the liquid is absent. The mass diffusion is neglected
and the growth of the crystals is governed by the transport of heat. In all experiments the salt concentration
in the solution is smaller than the eutectic composition, and the wall temperature is higher than the eutectic
temperature. The predicted temperature profiles agree well with experimental data. The local solid fractions
as well as the salt concentrations are shown as a function of the position.

INTRODUCTION

THE PHASE change of multicomponent systems is
important in many different fields such as metallurgy
[1-4], geology [5], oceanography [6], crystal growth
{71, nuclear reactor safety [8] and others. Almost all
solid-liquid phase change processes involve more than
one component. During the solidification of this type
of system, the solid-liquid interface is not smooth
as it is in the solidification of pure substances [9].
Normally, the transition from the liquid to the solid
phase takes place over a range of temperatures and
concentrations, while the chemical components are
incorporated or rejected at the interface between the
phases [10, 11]. This phenomenon changes the con-
centration of the system and determines the com-
position of the solid.

Figure 1 shows the phase diagram of a binary eutec-
tic-forming melt {12, 13].This diagram represents the
chemical compositions of the phases in thermo-
dynamic equilibrium with each other by the liqui-
dus and solidus, respectively. At a composition and
temperature represented by a point above the liquidus
line, the system is liquid. The solidus defines the com-
position of the material solidifying from the melt
between the liquidus and the eutectic line. In general,
the composition of the material differs from both the
melt and the pure components of the system [1]. As
shown in Fig. 1, solidification from a solution (melt)
with subeutectic composition of NH,Clin H,0 yields
a solid phase consisting of a pure component (ice).
The solid and the liquid phases can coexist at the same
temperature and different compositions, which are
determined by the solidus and the liquidus lines. This
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region is usually called the mushy zone or simply
mush. For most aqueous solutions, the solidus line is
vertical and the solid phase in the mushy region is
composed of a single component (ice), while the salt
is rejected to the melt increasing its concentration.

This work has been motivated by the need to under-
stand the solidification process in the mushy zone
under stable conditions with cooling the solidifying
melt from below. Fang et al. [8], working with sodium
chloride—water solution, investigated the growth of a
mushy region over an ice slab. In their study, the
temperature of the ice slab was not constant, par-
ticularly at late times (1 h or greater), and, therefore,
the boundary condition is not well defined. Huppert
and Worster {14] also studied the solidification of
Na,CO;-water solutions and compared their pre-
dictions with the experimental data. In their model,
however, the solid fraction in the mush was assumed
to be constant and the latent heat of fusion was
released at the interface. In this paper we develop a
mathematical model to predict the solidification of an
aqueous solution of subeutectic composition. In order
to validate the theory, an experimental investigation
was conducted using two different salt solutions:
NaChl-H,0 and NH,CI-H,0. In the case of the
sodium chloride-water solution, the choice was
motivated by the fact that it is a very common solution
and its thermophysical properties are well established
(13]. The ammonium chloride-water solution was
chosen because in the past it was utilized as a model
system to study dendritic solidification [15]. Three
different concentrations (5, 10 and 15% by weight)
were tested for each salt, involving a wide composition
range.
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C  solution concentration

specific heat

solid fraction in the two-phase region

latent heat of fusion

thermal conductivity

te  Stefan number, Ah/c (T, ~T,)

T temperature

t time

X vertical coordinate measured from the
surface of the heat exchanger,

Greek symbols
o thermal diffusivity
é thickness of the two-phase region
] similarity coordinate, equation (8)
g dimensionless temperature, equation (7)
0, dimensionless initial temperature,
(To—T)/(T;—T.)

NOMENCLATURE

0;  dimensionless liquidus temperature,
TJ[’( T& - Tw)
p density

G solidification constant, equation (11).

Subscripts

1 liquid region

m  two-phase region

S solid region

w conditions at the wall (x = 0)

0 initial conditions

6 liquidus condition (C = C,).
Superscripts

’ derivative with respect to 5

* dimensionless quantities normalized by

the liquid properties.

EXPERIMENTAL APPARATUS AND
PROCEDURE

Solidification experiments were performed in a rec-
tangular test cell with inner dimensions, 300 mm in
height, 150 mm in width, and 75 mm in depth. Figure
2 shows schematically the experimental apparatus.

The horizontal bottom consisted of a multipass
copper heat exchanger that was plated with nickel and
chrome to avoid corrosion by the salt. Three copper—
constantan thermocouples (type T) were placed close
to the heat-transfer surface continuously monitoring
its temperature. The vertical test cell walls were made
of acrylic sheets in order to allow the visualization and
the growth of the mushy zone. The test cell was well
insulated with 50 mm thick Styrofoam insulation on
all sides to reduce heat gain from the ambient.

Measurements of the temperature distribution
inside the test cell were made also with (type T) ther-
mocouples. They were placed in stainless steel tubes
having outside diameter of 0.90 mm. These probes
were inserted through one of the walls where 21 holes
allowed the installation of the thermocouples in sev-
eral positions. Typically, six probes were used in each
experiment. The outputs of all the thermocouples were
recorded by a data logger system at preselected time
intervals between two consecutive measurements.

A mixture of ethyl alcoho! and water from a con-
stant temperature bath was used in the heat exchanger
to obtain the desired wall temperature. During all the
experiments it was possible to maintain this tempera-
ture uniform to within +0.1°C of the desired value.
Due to the transient nature of the experiments, the tem-
perature setting of the bath was frequently readjusted.
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FiG. 2. Schematic diagram of the test cell.

Experiments were performed with distilled water—
research grade salt solution and its concentrations, in
all cases, were smaller than the eutectic composition.
These mixtures were carefully introduced into the test
cell without introducing air bubbles into the system.
An expansion reservoir was installed in the upper part
of the apparatus (see Fig. 2) to allow for expansion
and contraction of the phase change material. Once
filled, enough time was allowed to reach the thermal
equilibrium in the test cell. Then, the coolant from the
constant temperature bath was circulated through the
heat exchanger to start the experiment.

ANALYTICAL MODEL

The mathematical model for the solidification pro-
cess of a binary system is based on the basic con-
servation principles. A macroscopic model is con-
structed to determine theoretically the rate of
solidification and predict the temperature distribution
in the system if the solid/melt interface is perfectly flat
and horizontal.

During the solidification process, the solution near
the ice surface rejects the solute. In this way, a more
dense and cold solution appears in the mushy zone.
Because of this, the liquid phase is hydrodynamically
stable and there is no convective motion in the fluid.
The liquid region is considered to be semi-infinite
extent in the vertical direction. In order to simplify
the analysis, it is assumed that the growth of the two-
phase region is controlled by heat conduction. This
assumption is based on the fact that the thermal diffu-
sivity of the salt solutions is two orders of magnitude

greater than the mass diffusivity [8, 12, 14]. In
addition, both the mushy and the liquid regions are
treated as a continuum and the problem is one-dimen-
sional. In other words, the thermophysical properties
in the two-phase region are assumed to be constant in
the horizontal plane as an average between the two
phases. It is supposed also that the local thermo-
dynamic equilibrium exists in the same horizontal
plane (solid and liquid are at the same temperature).
Hence, the temperature and concentration of the solu-
tion follow the liquidus curve of the respective phase
diagram. Finally, the change in the density during
the solidification is neglected, and all thermophysical
properties are constant within the liquid and solid,
but different from each other in the two phases.
With the above assumptions, the model equations
describing the temperature distributions are

é 0 oT
pm'a;(cmT) = 'a;(km 5;)
+pmAhr%{, 0<x<s (1)

oT o°T
Plcl'aT=k|5x—zy x4 )

The initial (¢ = 0) conditions are

T‘—'To
6=0

(3a)
(3b)

and the boundary conditions are
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T=T, x-w© (4a)
T=T, x=0 (4b)
T=T, x=3o (4c)
T oT

kl'5;6+ =km'5;6-- (4d)

The thermophysical properties in the mushy zone
are weighted according to the local solid fraction [16]
as follows:

Pm =pi=p, (5a)
Cm = f(cs-cl)+cl (Sb)
km = f(ks-kl)+kl- (SC)

The local solid fraction can be determined from the
phase diagram by

f= C(I)~C,
(1)
where C(T) is obtained directly from the liquidus line.

In order to generalize the problem, the following
dimensionless variables are introduced :

®

T—T,
=TT ™
and
X
= . 6]
\/ {4o8)

Then, the dimensionless system of equations
becomes

2 {U(c,"‘— D+ 1]+ [{c* — D@ +6,)—Ste) %«g}”a,

+(kr— 1)%9’%[(1:;»- Df+1]6" =0,

0 (9

and
G+ =0, n=o (10)
where
é
o= . (an
J @)

The transformed initial and boundary conditions
become as follows:

=0, n—ow (12a)

=-1, n=0 (12b)
0=0, n=¢ (12¢)
(o, )=0(c_). (12d)

In equations (9), (10) and (12d) the superscript prime
denotes the total derivative with respect to #.
The exact analytical solution of equation (10) is

erfcn
e_eo(l—erfco)' 13
This solution is valid for n > ¢ and satisfies the bound-

ary conditions (12a) and (12c). The derivative of 6
with respect to # at the interface is

20,
n'?erfco

’

(14

but the value of ¢ is not known.

To find the dimensionless temperature in the mushy
region from equation (9), it is necessary to know the
relation between the solid fraction / and the dimen-
sionless temperature ¢ as well as its derivative. Using
equations (6) and (7) and the phase diagram [12, 13],
the f vs @ functional relationship can be determined.
A third degree polynomial obtained by a least squares
fit is used. A finite-difference method is employed,
with an initial estimated value for ¢ to find the dimen-
sionless temperature distribution in the mushy zone.
The boundary conditions, given by equations (12b)
and (12¢), are also satisfied. Then, an iterative pro-
cedure is employed until the final value of & is deter-
mined. At this location, the derivative of the function
found from equation (9) is equal to the value given by
equation (14), thus satisfying the boundary condition
prescribed by equation (12d).

RESULTS AND DISCUSSION

Six different experiments were performed using
water solutions of 5, 10 and 15% by weight of NaCl
and NH,Cl. Table 1 shows the initial concentration
and the initial and wall temperatures for each exper-
iment. The duration of each test (¢,) and the maximum
time (f,,,) during which the liquid region may be
regarded as a semi-infinite medium are also listed in
the table. In all experiments, the initial temperature
was determined as an average of the measured tem-
peratures within a range of +0.1°C. The same pro-
cedure was used for the wall temperature after first
waiting 15 min to obtain stable conditions. Typically,
the desired temperature was reached in less than 5
min.

Dendritic crystal growth was observed in all cases.
The mushy region for 5% concentration of both salt
solutions is shown in Fig. 3. It is clearly evident from

Table 1. Test conditions for the experiments

Salt Cs Ty T. Iy Lrnax
solution (%) °C) O (min) {min)

5 22.7 —19.2 420 590

NaCl 10 219 —17.8 340 620

15 21.2 —194 540 650

S 15.3 —-13.3 300 630

NH,Cl 10 20.2 —14.6 540 640

s 19.5 —14.7 540 660
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the photographs for the two solutions that there is a
large difference between the structures (see Figs. 3(a)
and (b)) for the two binary systems. However, during
the experiments it was possible to see that the shapes
of isolated crystals are very similar for both NaCl and
NH,CI solutions. This can be partly explained by the
fact that in both cases the crystals growing are ice.
Figure 3(c) shows a closer view of the mush in the
experiment with ammonium chloride solution, while
Fig. 3(d) shows a close-up of one crystal under the

same conditions. It is possible to sce that there is a
difference in the refractive index of the solution caused
by the release of the salt during the process of sol-
idification.

During the tests the insulation used to reduce the
heat gains from the ambient environment did not
allow for visualization of the solidification process.
However, once during each test, a window in the
Styrofoam was opened in order to examine the inter-
face position. Two scales located on the front and the

FiG. 3. Different views of dendritic crystals in the two-phase region: (a) NaCl-H,0: (b) NH,CI-H.0;
(¢) NH,CI-H.O closer view; (d) NH,CI-H.O close-up view. i
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FI1G. 3—continued.

back walls of the test cell were used in this measure-
ment. The mush~liquid interfaces were quite flat in
the experiments with the lower salt solution con-
centrations. For the largest initial concentrations, the
interfaces were not as uniform but were within +0.5
mm. However, it was very easy to measure the average
thickness of the two phase regions for all cases inves-
tigated. Table 2 gives a comparison of the predicted
and measured positions of & at the time the obser-
vations were made. The agreement with the 5% com-
position of the salt solution is good., while the dis-

crepancy increases for larger concentrations of salt in
the solution.

A comparison of the measured and predicted
dimensionless temperature distributions in the sys-
tems are shown in Figs. 4 and 5. The continuous lines
represent the theoretical predictions. while the points
are the experimental data. In all cases. the plotted
data points were obtained from ¢ = I3 min till t = ¢,
(shown in Tablc 1). In order to better resolve the
comparisons in the mushy zone. the two-phase region
was enlarged and is shown in Figs. 4(b) and 5(b). The
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Table 2. Comparison of predicted and measured interface

positions
Salt Co t ¢ (mm)

solution (%) (min) Theoretical  Experimental

5 420 570 56.0

NacCl 10 540 47.8 45.0

15 380 28.2 220

5 500 510 48.0

NH./CI 10 540 36.6 320

15 540 16.3 13.0

good agreement between the experimental data and the
predictions obtained from the theoretical model proves
that the assumptions made in the analysis are valid.
With the assumption of thermodynamic equi-
librium and the temperature profile in the mush it is
possible to establish a relation between the dimen-
sionless position and the solid fraction. The same
procedure can be used to find the local concentration
as a function of the transformed position. These

relations are shown in Figs. 6 and 7 for the three
experiments with the NaCl-H,0 solution. It is inter-
esting to note that the concentration of the solution
close to the isothermal wall is a function of its tem-
perature only, while the solid fraction depends also
on the initial concentration. This appears clearly from
the results shown in Figs. 6 and 7. If the wall tem-
peratures are close in these experiments (see Table 1)
the concentrations near the heat exchanger are also
close. On the other hand, the solid fractions are totally
different, because the initial concentrations are so dis-
tinct from one another.

From Figs. 4 to 7 it is clear that with an increase in
the salt concentration in the solution, the rate of
growth of the mushy zone decreases. This is explained
by the freezing point depression which increases with
an increase in the salt concentration of a binary melt,
lowering the temperature of the mush-liquid inter-
face. As expected, a decrease in the wall temperature
increased the freezing rate. It was also verified that
the initial temperature affects the growth of the two-
phase region in the same way as the concentration.
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FiG. 4. Comparison of predicted and measured temperature distributions during solidification of NaCl-
H,0 solutions: (a) liquid region ; (b) two-phase region.
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FiG. 7. Predicted concentration distribution in the two-phase region during solidification of NaCl-H,O

solutions.

Comparisons with other works show that, as
expected, the same behavior occurs in experiments
with different salts and experimental techniques. Hup-
pert and Worster [14] used NaCQ,, and their measure-
ments have shown that the concentration of the salt
solution in the mush increases while in the liquid
region it remains constant. Fang et al. [8] using an ice
slab as a cold surface, found a similar temperature
and the same type of solid fraction distribution in the
mushy zone as was observed in the present work.
Direct comparison with their results cannot be made,
because the surface temperature of the sink was not
held constant in their experiments.

CONCLUDING REMARKS

A model describing the temperature distribution
during solidification from below of subeutectic aque-
ous solutions has been developed. Comparison
between predictions and experimental results proves
that the assumptions are reasonable, and the agree-
ment is good. The concentration of the solution was
found to be as important as the initial and the wall
temperatures as far as the growth of the mushy zone
was concerned. The knowledge of the temperature
distribution and the thermodynamic equilibrium
assumption yielded the local solid fraction as well as
the local solution concentration in the mushy region.
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SOLIDIFICATION D’UNE SOLUTION BINAIRE SUR UNE SURFACE ISOTHERME
FROIDE

Résumé—Le gel de solutions salines d’eau sur une parot horizontale est étudié expérimentalement et
théoriquement. La croissance de la région diphasique solide-liquide est observée pour NaCl-H,0 et NH,Cl-
H,0 4 différentes températures et différentes concentrations. Un modéle mathématique unidirectionnel est
développé pour prédire la distribution de température dans un milieu semi-infini, en admettant qu'il existe
un équilibre thermodynamique local entre le solide et le liquide dans la région diphasique. Le transfert de
chaleur par diffusion et convection dans le liquide est absent. La diffusion de masse est négligée et la
croissance des cristaux est gouvernée par le transfert thermique. Dans toutes les expériences la concentration
en sel dans la solution est plus faible que la composition eutectique et la température de la paroi est
supérieure 4 la température eutectique. Les profils de température calculés s’accordent bien avec Jes données
expérimentales. Les fractions locales de solide ainsi que les concentrations en sel sont donnees en fonction
de la position.

VERFESTIGUNG EINER BINAREN LOSUNG AN EINER KALTEN ISOTHERMEN
OBERFLACHE

Zusammenfassung—Das Gefrieren von Wasser/Salz-Losungen an einer horizontalen Wand ist exper-
imentell und theoretisch untersucht worden. Das Anwachsen des zweiphasigen fest-filissigen Gebietes
wurde fir NaCl-H,0- und NH,Cl-H,0O-Systeme bei verschiedenen Temperatur- und Konzentrations-
bedingungen beobachtet. Ein einseitiges mathematisches Modell ist entwickelt worden, um die Tempera-
turverteilung in einem halbunendlichen Medium zu berechnen, und zwar aufgrund der Annahme, daB
zwischen fester und fliissiger Phase lokales thermodynamisches Gleichgewicht besteht. Der Wirme-
transport erfolgt durch Wirmeleitung ohne Konvektion in der Fliissigkeit. Die Diffusion wird ver-
nachléssigt, und das Kristallwachstum wird vom Wirmetransport gesteuert. Bei allen Experimenten ist die
Salzkonzentration in der Ldsung kleiner als die der eutektischen Mischung, und die Wandtemperatur ist
hoher als die eutektische. Die berechneten Temperaturprofile stimmen mit den gemessenen gut iiberein.
Der lokale Festkorperanteil und die Salzkonzentrationen werden abhéngig von der Position dargestellt.

SATBEPAEBAHHUE BMHAPHOT'O PACTBOPA HA XOJOAHOWN M3OTEPMHUECKON
MOBEPXHOCTH

AMNOTAURS—IXCIEPHMEHTATIBHO H TCOPCTHYCCKH MCCICAYETCR 3aMEP33HHE BOMO-COJEBLIX PACTBOPOB
Ha ropwaonTanbHoit crenxe. B cucremax NaCl-H,0 u NH, Cl-H,O npy pasnuyHbix Temneparypax H
KOHUEHTpaUHAX HabmonaeTcs obpazopanue 1pyxdasnoit obnacTh Teepaoe Teno-xuaxocts. Ha ocHose
ZONYIICHHR O TOM, YTO B ABYXhasnoi o61acT# TREPNOE TENO H KHAKOCTH HAXOANTCR B TEPMOMHHAMH-
ECKOM DaBHOBECHR, paspaboTana MaTEMATHYECKAR MOZEL JUIR PACIETA PACTIPEACICHHA TEMICPATYDhE
B nonybecxoneunoil cpene. Terwno nepenocHTes 3a cueT AUGPYIRN, KOHBEKIMI B XHIKOCTH OTCYTCTRYET.
Jnddysnn MaccH He YIRTHIBAETCA, H POCT KPHCTAJUIOB ONPENEAETCS NepeHocoM Tena. Bo scex axcne-
PHMEHTAX XOHISHTDALMK COMA B PAcTBope GLila HIKE, €M B IBTEKTEYCCKOM COCTABe, & TEMICPATYpa
CTEHKH BHINE 38TeXTHYCCKOH TeMnepaTypsl. Pacuernsie npodnan TemMnepaTyphl XOPOLIO COTJACYIOTCA €
IKCMICPHMEHTANLHMNMH AAHHBIMH, JIOKANIBHEIC JOMH THEPAOTO BEIIECTBA, A TAKAKE KOHUCHTPALMA COMH
NPeNCTABNCHB Kak QyHKUHE KOOPAHHAT.



